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Abstract
A Heegaard splitting for S3 gives a 1-bridge presentation for a knot k ⊂ S3 if the knot intersects
each handlebody of the Heegaard splitting in an arc which forms the interior part of the boundary of
a disk in the handlebody. The minimal g for which the knot has a 1-bridge presentation of genus g
is called the 1-bridge genus g1(k). The object of the article is the behaviour of this invariant under
the connected sum k1#k2. More precisely, for small knots k1 and k2 which are knots which do not
have essential closed surfaces in their exteriors, our purpose is to show the following inequality:
g1(k1) + g1(k2) − 1 6 g1(k1#k2) 6 g1(k1) + g1(k2). Ó 2000 Elsevier Science B.V. All rights
reserved.
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Introduction
A Heegaard splitting of genus g for the sphere S3 is a closed surfaceΣ of genus g of S3
separating the sphere into two handlebodies Σ+ and Σ− of genus g such that Σ+ ∪Σ−
is the sphere S3 and Σ+ ∩Σ− the surface Σ . A 1-bridge presentation of genus g for a
knot k ⊂ S3 is a Heegaard splitting Σ of genus g which meets the knot in two points such
that the arcs of k− (k ∩Σ) are trivial in each handlebody in the following sense: together
with two arcs of Σ these arcs form the boundary of a disk in each handlebody. Then, the
smallest integer g1(k) for which the knot k has a 1-bridge presentation of genus g1(k) is
by definition the 1-bridge genus of k. We define small knots to be knots which do not
have closed essential surfaces in their exteriors, i.e., every closed incompressible surface
is boundary parallel. For the connected sums of these knots, our purpose is to show the
following theorem:
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Theorem. For k1 and k2 small knots in S3 we have g1(k1)+ g1(k2)− 1 6 g1(k1#k2) 6
g1(k1)+ g1(k2).
Boileau, Lustig and Moriah have observed in [1] that the 1-bridge genus is related to
the tunnel number t (k) by the inequality g1(k)− 16 t (k)6 g1(k). In 1997, Schultens and
Morimoto have shown for small knots k1, k2 in S3 that t (k1)+ t (k2) 6 t (k1#k2) (see [9,
10]); we note that this relation implies g1(k1)+ g1(k2)− 26 g1(k1#k2). Finally, observe
that the first results on generalized bridge presentations with respect to Heegaard splittings
were obtained by Doll in [5].
To prove the theorem we have to show two inequalities; firstly we have to show the
inequality g1(k1#k2) 6 g1(k1) + g1(k2). For this, let us consider a 1-bridge presentation
Σ1 of genus g1(k1) for k1 and a 1-bridge presentation Σ2 of genus g1(k2) for k2. By a
procedure described by Doll (see [5, 1.2]), we can construct a 1-bridge presentation for
k = k1#k2 of genus g1(k1) + g1(k2), thus g1(k1#k2) 6 g1(k1) + g1(k2). Note that this
relation is also true for other knots than small knots. Hence, to prove the theorem, we have
to show the following inequality for small knots:
g1(k1)+ g1(k2)− 16 g1(k1#k2).
For this, we introduce the notion of weakly k-reducible 1-bridge presentation. A 1-
bridge presentation Σ is weakly k-reducible if there are disjoint properly embedded disks
D+ ⊂ Σ+,D− ⊂ Σ− not meeting the knot and having essential boundaries in Σ − k.
A 1-bridge presentation not weakly k-reducible is called strongly k-irreducible.
There are two cases to study:
(1) there is a 1-bridge presentation for k1#k2 of genus g1(k1#k2) strongly k-irreducible
or
(2) every 1-bridge presentation for k1#k2 of genus g1(k1#k2) is weakly k-reducible.
In either of the two cases we will need a relative version of Haken’s Lemma; this lemma
will be introduced in Section 1. In Section 2, we will show the stronger inequality
g1(k1)+g1(k2)6 g1(k1#k2) in order to prove case (1). In Section 3, we will show a relative
version of Theorem 3.1 in [3] of Casson and Gordon first, then we will prove the theorem
in case (2).
1. Preliminaries
Throughout this paper, all manifolds will be compact and orientable. Let S be a closed
surface of genus g. A compression body W of genus g is a 3-manifold obtained by adding
2-handles to S × I along simple closed curves on S × {1} and capping off the resulting
2-spheres. The component S × {0} is denoted by ∂+W and ∂W − ∂+W is denoted by
∂−W . Note that if the compression body W is connected and ∂−W = ∅, then W is a
handlebody.
A complete system of disks for a compression bodyW is a disjoint union of disks∆ with
(∆, ∂∆)⊂ (W,∂+W) such that the manifold obtained from W by performing ambient 2-
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surgery along∆, notedW(∆), is homeomorphic to the union of ∂−W × I and 3-balls. The
component of W(∆) homeomorphic to ∂−W × I is denoted by W0(∆).
Suppose that W is a handlebody. Then a system of properly embedded arcs k ⊂W is
trivial in W if there are pairwise disjoint embedded disks in W such that the boundary of
each disk is the union of an arc of k and an arc of ∂W+. Such a disk is called the trace disk.
In general, a system of properly embedded arcs k ⊂W is trivial in a compression body
W if there exists a complete system of disks∆ with∆∩k = ∅ such that (W0(∆),W0(∆)∩
k) is homeomorphic to (∂−W × I,P × I) as a pair, where P is a set of points of
∂−W , and the arcs of the intersection of k and of W(∆) − W0(∆) are trivial in each
component.
Let F be a properly embedded surface in a compression body W , and let k be trivial
arcs in W . A disk D is a k-compressing disk for F if D ∩ F = ∂D is essential in F − k
and D ∩ k = ∅. A properly embedded arc a in F is inessential in F if there exists an arc
b⊂ ∂F such that a ∪ b bounds a disk not meeting k in F . We say that a is essential if it is
not inessential.
In a compression body W , a disk D ⊂W with D ∩ k = ∅ is a ∂k-compressing disk for
F if ∂D is the union of two arcs corresponding to D ∩ F and D ∩ ∂W ⊂ ∂+W such that
D ∩ F is an essential arc in F − k.
A properly embedded surface F in W is k-incompressible (∂k-incompressible) if there
is no k-compressing disk (∂k-compressing disk). Then, we have:
Lemma 1.1. In a compression body W suppose that F is a k-incompressible and ∂k-
incompressible properly embedded surface with F ∩ k = ∅. Moreover, suppose that k is
trivial inW . Then, each component of F having non-empty intersection with ∂+W is either
a disk or an annulus A, where one component of ∂A is contained in ∂+W and the other
component in ∂−W .
Proof. Let ∆ be a complete system of disks for W . Standard innermost-disk outermost-
arc arguments show that ∆ can be isotoped so that ∆ ∩ F = ∅. Similarly F can be made
disjoint from any particular trace disk. Lemma 1.1 then follows. 2
A Heegaard splitting Σ of genus g for a 3-manifold M is a surface Σ of genus g
separating M in two compression bodies Σ+ and Σ− such that Σ+ ∪ Σ− is M and
Σ+ ∩Σ− the surface ∂+Σ+ = ∂+Σ− =Σ . A Heegaard splitting Σ for M is a 1-bridge
presentation for k ⊂M if the intersections Σ+ ∩ k, Σ− ∩ k are trivial arcs in Σ+, Σ−,
respectively.
The following proposition is a relative version of Haken’s Lemma obtained by Bonahon
and Otal in [2]:
Proposition 1.2. Let M be a 3-manifold with boundary and Σ ⊂ M a 1-bridge
presentation for k ⊂M . Moreover, letD be a properly embedded disk inM withD∩k = ∅
and ∂D essential in ∂M − k. Then, there exists a properly embedded disk D′ in M such
that D′ ∩ k = ∅, ∂D = ∂D′ and D′ intersects Σ in a simple closed curve.
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Proof. We may suppose that ∂D ⊂Σ+. Assume that there exists a component of D− =
D ∩Σ− which is not a disk. Then, by Lemma 1.1, there exists a k-compressing disk or a
∂k-compressing disk forD− inΣ−. Supposing that there exists a k-compressing disk∆ in
Σ−, then we obtain fromD− by performing ambient 2-surgery along∆ as one component
a disk E1 ⊂M with ∂D = ∂E1. Suppose now that there is a ∂k-compressing disk∆ inΣ−.
Let E−2 be the planar surface in Σ− obtained from D− by ∂k-compression along ∆. Then
we can see that E−2 is the intersection of Σ− and a disk E, where E is a disk obtained
from D by ambient isotopy in M . Then there exists a disk D1 which is obtained from
D by realizing k-compressions and ∂k-compressions in Σ− such that D−1 =D1 ∩Σ− is
k-incompressible and ∂k-incompressible in Σ−, therefore D−1 is a union of disks.
Assume that the unique component of D+1 = D1 ∩ Σ+ is not an annulus. Then, by
Lemma 1.1,D+1 is k-compressible or ∂k-compressible in Σ+. Let D2 be the disk obtained
from D1 by k-compressions and ∂k-compressions in Σ+ corresponding to ambient
isotopies such that D+2 = D2 ∩ Σ+ is k-incompressible and ∂k-incompressible in Σ+.
Therefore, D+2 is the union of an annulus and of disks. If #X denotes the number of
components of X, then, by [2, Lemma 10], we have #(D+2 ∩Σ)− 16 #(D+1 ∩Σ)− #D+1 .
Since #D+1 = 1, we have #(D+2 ∩Σ)6 #(D+1 ∩Σ).
Next, assume that the unique component of D−2 = D2 ∩ Σ− is not a disk. Then,
again by Lemma 1.1, D−2 is k-compressible or ∂k-compressible in Σ−. Let D3 be the
disk obtained from D2 by k-compressions and ∂k-compressions in Σ− corresponding to
ambient isotopies such that D−3 =D3 ∩Σ− is k-incompressible and ∂k-incompressible in
Σ−. Then, again by [2, Lemma 10], we have #(D−3 ∩ Σ) 6 #(D−2 ∩ Σ) − #D−2 . Since
#D−2 = 1, we have #(D−3 ∩Σ) < #(D−2 ∩Σ).
Then, by repeating these arguments, we see that there exists a sequence of disks
D1, . . . ,Dn such that
(i) D2,D4, . . . is obtained from D1,D3, . . . by k-compressions and ∂k-compressions
in Σ+ and #(Di ∩Σ)6 #(Di−1 ∩Σ) (i = 2,4, . . .);
(ii) D3,D5, . . . is obtained from D2,D4, . . . by k-compressions and ∂k-compressions
in Σ− and #(Di ∩Σ) < #(Di−1 ∩Σ) (i = 3,5, . . .);
(iii) Dn ∩Σ+ (Dn ∩Σ−, respectively) is k-incompressible and ∂k-incompressible in
Σ+ (in Σ−, respectively) and #(Dn ∩Σ)= 1.
Then, D′ = Dn satisfies the conclusion of Proposition 1.2. Moreover, there exists a
complete system of disks ∆∗ for the compression body Σ+ such that each disk has an
empty intersection with D′. 2
In the rest of this section, consider a Heegaard splitting for the sphere S3 which is a
1-bridge presentation for a knot k. Let D be a set of disjoint disks not meeting k which
are properly embedded in Σ+ or Σ− and have essential boundaries in Σ − k. Further, let
Σ(D) be the closed surface obtained from Σ by performing ambient 2-surgery along the
disks of D.
Let E(k) be the closure of S3−N(k) and define the complexity of a properly embedded
surface F in E(k) by c(F )=∑−1+ 2 · genusF0, where we sum over all the components
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F0 of F different from the 2-sphere. Letting F1 be the intersection Σ ∩ E(k) and F2 the
intersection Σ(D) ∩E(k), then we define the complexity of D by c(D)= c(F1)− c(F2).
The following lemma is a relative version of a result in the proof of [3, Theorem 3.1].
Lemma 1.3. Let N be the closure of a component of S3 − Σ(D). Suppose that ∂N is
compressible in N ∩E(k). Then, there exists a set of disks D′ such that c(D′) > c(D).
Proof. By hypothesis, there exist a curve γ ⊂Σ(D) essential in Σ(D)− k and a disk D
properly embedded in N with D ∩ k = ∅ and ∂D = γ . We may suppose γ ⊂Σ . Let D+
(respectively D−) be the properly embedded disks in Σ+ (respectively Σ−). Further, let
N(D+) be regular neighborhoods of D+ in Σ+ such that N(D+)∩Σ are disjoint regular
neighborhoods of ∂D+. In a similar way, we choose regular neighborhoodsN(D−) disjoint
fromN(D+). SetΣ+0 = cl(Σ+−N(D+)) andΣ−0 = cl(Σ−−N(D−)). We note thatΣ+0
and Σ−0 are unions of disjoint handlebodies. Further, N is a component of Σ+0 ∪N(D−)
or Σ−0 ∪N(D+), say Σ−0 ∪N(D+).
Let Σ × I be a collar of Σ in Σ+ such that N(D+) ∩ (Σ × I) is (N(D+) ∩Σ)× I .
Set N0 =N ∩Σ−0 and extend (Σ ∩ ∂N0)× I to a collar ∂N0 × I of ∂N0 in S3 such that
the collar does not meet any component of Σ(D) other than ∂N . Then, we see that the
union of ∂N0 × I and N(D+) ∩N is a compression body W from which we have taken
away 3-balls. Then, there exists a diskD′ ⊂W withD′ ∩N =D and such that cl(D′ −D)
is an annulus homeomorphic to γ × I . We note that ∂D′ is essential in ∂W − k. Then,
by Proposition 1.2, we can see that there exists a disk D′′ with ∂D′′ = ∂D′ and such that
D′′ ∩Σ is a closed simple curve.
Set D′′′ = D′′ ∩Σ−. Since ∂D′ is essential in ∂W − k, we see that ∂D′′′ is essential
in ∂N0 − k. Let D+0 be the disks of D+ in W . We substitute these disks by D∗ which are
the disks of ∆∗ of Proposition 1.2. It might be that these disks meet intΣ−, but, by using
ambient isotopy, we can show that there exist disks D∗ in Σ+ which do not meet intΣ−.
Let D′ be those disks which are either in D−, D+ or D∗, but not in D+0 , and the disk
D′′′. Since c(∂N) is strictly less than the complexity of the surface obtained from ∂N by
performing ambient 2-surgery along D′′, we have c(D′) > c(D). 2
2. Proof of Theorem in case (1)
In case (1), there exists a strongly k-irreducible 1-bridge presentation of genus g1(k1#k2)
for k1#k2. Then we have not only an inequality of the theorem but more precisely the
following:
Proposition 2.1. Suppose that there is a strongly k-irreducible 1-bridge presentation of
genus g1(k1#k2) for k1#k2. Then
g1(k1)+ g1(k2)6 g1(k1#k2).
The purpose of this section is to give a proof of this proposition. Let Σ be a strongly
k-irreducible 1-bridge presentation for k1#k2 of genus g1(k1#k2) and S2k the decomposing
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sphere which separates the exterior E(k1#k2) in the exteriors E(k1) and E(k2). Moreover,
we suppose that k1, k2 are different from the trivial knot.
As in [7], consider two spines δ+, δ− in Σ+,Σ−, respectively, with the following
properties: each vertex of δ+, δ− has valency one or three; δ+, δ− are 1-complexes with
δ+ ∩ k = ∂δ+ and δ− ∩ k = ∂δ−; for E the closure of S3 − N(δ+ ∪ δ−), we have that
(E,E ∩ k) is homeomorphic to (Σ × I,P × I), where P are the two intersection points
of Σ ∩ k. Then, we obtain a sweep-out H :Σ × I → S3 such that, for Σt =H(Σ × {t}),
we have Σ0 = δ+, Σ1 = δ− and that Σt ∩ S2k is a transversal intersection not meeting the
knot k except for a finite number of points J ⊂ I .
Lemma 2.2. There exists t0 ∈ I −J such that each intersection curve ofΣt0 ∩S2k essential
in Σt0 − k is essential in S2k − k.
Proof. Let ν+, ν− be the set of t ∈ I − J such that Σt ∩ S2k contains curves essential in
Σt − k that bound disks not intersecting the knot and which are properly embedded in
Σ+t ,Σ−t , respectively, whereΣ+t ,Σ−t are the handlebodies corresponding to the 1-bridge
presentation Σt . Firstly, we claim that S2k ∩ Σ+ and S2k ∩ Σ− are non-empty. Assume
that S2k ⊂ Σ−. Let D3 ⊂ Σ− be the 3-ball such that ∂D3 = S2k . As in [5, Section 3], we
may suppose that S2k ∩Σ− is k-incompressible in Σ−. Furthermore, we may suppose that
S2k ∩ ∆− is an arc a, where ∆− is a trace disk for k in Σ−. Then k ∩ D3 is boundary
parallel to a in D3 ∩∆−. Hence, k1 or k2 is trivial, a contradiction. In a similar way we
can show that S2k ∩Σ− is non-empty. Hence, t ∈ ν+ for t near 0 and t ∈ ν− for t near 1.
Assertion. cl(ν+)∩ cl(ν−)= ∅.
Proof. Since Σ is strongly k-irreducible, ν+ ∩ ν− = ∅. Note that cl(ν+) ∩ cl(ν−) ⊂ J .
Assume that cl(ν+) ∩ cl(ν−) is non-empty. Then, we may suppose that there exists s ∈ J
such that (∗), for s+ near s with s+ > s, we have s+ ∈ ν+ and, for s− near s with s− < s,
we have s− ∈ ν−. ConsideringΣs ∩ S2k , then we have the following cases:
(a) Σs ∩ S2k contains a center point,
(b) Σs ∩ S2k contains a saddle point,
(c) Σs ∩ S2k contains an intersection point with k.
Note that case (a) and property (∗) are not compatible. In the cases (b) and (c), property
(∗) implies that Σ is weakly k-reducible, a contradiction. This completes the proof of
Assertion. 2
Then, ν+ ∪ ν− ⊂ I − J , but we do not have equality. Choose t0 ∈ I − J with t0 /∈
ν+ ∪ ν−. We claim that each intersection curve ofΣt0 ∩S2k essential inΣt0 − k is essential
in S2k −k. Assume that there exists a curve γ ⊂Σt0 ∩S2k essential inΣt0−k such that, for a
diskD ⊂ S2k − k, we have γ = ∂D. We may suppose that intD∩Σt0 are inessential curves
in Σt0 − k and that N(γ,D) ⊂ Σ+t0 . Let E be the component of D ∩Σ+t0 with γ ⊂ ∂E.
Note that ∂E − γ are curves inessential in Σt0 − k. Hence, for each curve γ ′ ⊂ ∂E − γ ,
there exists a disk D′ in Σt0 − k with ∂D′ = γ ′. Then we see that there exists a properly
embedded disk D′′ ⊂Σ+t0 with ∂D′′ = γ . Therefore, t0 ∈ ν+, a contradiction. 2
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Let S1 be the set of 1-bridge presentationsΣ such that each intersection curve ofΣ ∩S2k
essential in Σ − k is essential in S2k − k. For Σ ∈ S1, we define the complexity c1(Σ) as
the number of curves of Σ ∩ S2k which are inessential in S2k − k. Then, we have:
Lemma 2.3. There exists Σ ∈ S1 such that c1(Σ)= 0.
Proof. Let Σt0 be the 1-bridge presentation of Lemma 2.2. Then, we will show that there
exists a sequence of 1-bridge presentations Σ0 = Σt0, . . . ,Σn with Σi ∈ S1 such that
c1(Σi) < c1(Σi−1) (i = 1, . . . , n) and c1(Σn) = 0. Suppose that there exist Σ0, . . . ,Σj
and that c1(Σj ) > 0. Consider γ ⊂ Σj ∩ S2k such that γ = ∂D for D ⊂ S2k − k with
D∩Σj = ∂D. SinceΣj ∈ S1, we have γ = ∂D′ forD′ ⊂Σj − k. Then,D ⊂Σ+j or Σ−j ,
sayD ⊂Σ+j . LetD3 ⊂Σ+j be the 3-ball such that ∂D3 isD∪D′. Further, letΣj+1 be the
boundary of the closure of Σ+j −N(D3,Σ+j ). Then we see that Σj+1 is ambient isotopic
to Σj and that c1(Σj+1) < c1(Σj ). Furthermore, we can see that Σj+1 ∈ S1. Then, by
induction, we obtainΣn with c1(Σn)= 0, and this completes the proof of Lemma 2.3. 2
Let S2 ⊂ S1 be the set of 1-bridge presentationsΣ such thatΣ ∩S2k are essential curves
in S2k − k. ForΣ ∈ S2, we define the complexity c2(Σ) as the number of curves ofΣ ∩S2k .
Set
α =min{c2(Σ) | Σ ∈ S2}.
In the rest of this section, Σ ∈ S2 is a 1-bridge presentation with c2(Σ) = α. Then, we
have:
Lemma 2.4. There exists a properly embedded disk D ⊂ Σ+ − S2k with D ∩ k = ∅ and
∂D essential in Σ − k.
Proof. For Σ ∈ S2, the closures of the components of S2k − Σ are two disks D1, D2
meeting the knot once and annuli A1, . . . ,An not meeting the knot. If either n= 0, or we
have n= 1 and A1 ⊂Σ−, then we can see that the statement holds. Suppose now that there
exists an annulus in Σ+. Consider a complete system of disks ∆ such that the manifold
obtained from Σ+ by performing ambient 2-surgery along ∆ is a 3-ball and ∆+ a trace
disk for k in Σ+ with ∆ ∩∆+ = ∅. Since S2k ∩Σ+ is k-incompressible in Σ+, we may
suppose that there is an arc a in the intersection of S2k and ∆ ∪∆+ which is essential in
S2k ∩Σ+ and satisfies the following property: There exists a disk D1 ⊂∆∪∆+ such that
the closure of the intersection of ∂D1 and int(∆∪∆+) is D1 ∩ S2k = a. Then, by realizing
a ∂k-compression along D1, we get a disk D ⊂Σ+ not meeting the knot such that ∂D is
essential in Σ − k. 2
Lemma 2.5. There exist properly embedded disjoint disks D1, . . . ,Dn ⊂ Σ+ − S2k with
Di ∩ k = ∅ and ∂Di essential in Σ − k such that, for j = 1,2, Σ(D1, . . . ,Dn)∩E(kj ) is
incompressible in E(kj ).
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For the proof of Lemma 2.5, we need the definition of the complexity of {D1, . . . ,Dn}.
First, we define the complexity of a properly embedded surface E ⊂ E(ki) by c(E) =∑−1+ 2 · genusE0, where we sum over all the components E0 of E different from the
2-sphere. Set Ei = Σ ∩ E(ki). Further, let E′i be the intersection of Σ(D1, . . . ,Dn) and
E(ki). Then, we define the complexity of {D1, . . . ,Dn} by
c(D1, . . . ,Dn)=
∑
i=1,2
c(Ei)− c(E′i ).
Proof of Lemma 2.5. Let D ⊂ Σ+ be the disk of Lemma 2.4. Then, consider D, a
set of disjoint properly embedded disks D1, . . . ,Dn ⊂ Σ+ − S2k with Di ∩ k = ∅, ∂Di
essential inΣ−k and c(D1, . . . ,Dn)maximal. We will show thatΣ(D1, . . . ,Dn)∩E(ki)
is incompressible in E(ki). Set Σ(D)=Σ(D1, . . . ,Dn).
We may assume that Σ(D) ∩ E(k1) is compressible in E(k1). Set Σsup = cl(Σ+ −
N(D)) and Σinf = Σ− ∪N(D). Then, we have ∂Σsup = ∂Σinf =Σ(D). Let D ⊂ E(k1)
be a compressing disk forΣ(D), so ∂D ⊂Σ(D) is an essential curve in Σ(D)∩ intE(k1)
with D ∩Σ(D) = ∂D. Then, either Σ(D) ∩E(k1) is compressible in Σsup ∩E(k1) or in
Σinf ∩E(k1). We will show that Σ(D) ∩E(k1) is compressible in Σsup ⊂Σ+.
Firstly, we will first show that ∂D is essential in Σ(D) − k. For this, assume that ∂D
is bounding a disk D′ with D′ ⊂Σ(D)− k. Since ∂D is essential in Σ(D) ∩ E(k1), the
intersectionD′ ∩ S2k is non-empty. Consider an innermost curve γ of this intersection such
that, for a disk D′′ ⊂D′, we have γ = ∂D′′ and ∂D′′ =D′′ ∩ S2k . We note that the disk D′′
does not meet the knot k. On the other hand, γ = ∂D′′′ with D′′′ ⊂ S2k and |D′′′ ∩ k| = 1, a
contradiction.
Now, assume that Σ(D) ∩ E(k1) is compressible in Σinf. By Lemma 1.3, there exist
disksD+ ⊂Σ+,D− ⊂Σ− not meeting the knot with D+ ∩D− = ∅ and having essential
boundaries in Σ − k. But, this contradicts strongly k-irreducibility.
This implies that Σ(D) is compressible in Σsup ⊂ Σ+. Let D ⊂ Σ+ ∩ E(k1) be the
compressing disk for Σ(D). Then, we see that c(D1, . . . ,Dn,D) > c(D1, . . . ,Dn), but
this contradicts the maximal complexity of {D1, . . . ,Dn}. This completes the proof of
Lemma 2.5. 2
Let Σ(D) be the closed surface Σ(D1, . . . ,Dn) constructed in Lemma 2.5. We may
suppose that no component of Σ(D) ∩E(ki) is a 2-sphere. By the construction of Σ(D),
we haveΣ(D)∩ S2k =Σ ∩ S2k . Furthermore,Σ ∩ S2k are parallel curves in ∂E(ki) because
they are parallel curves in S2k . Then, by the smallness of k1, k2 and [4, Theorem 2.0.3],
Σ(D) ∩E(ki) are either boundary parallel tori or boundary parallel annuli. Let Ai be the
set of the annuli. Then, we have
Σ(D) ∩E(ki)⊃
⋃
A∈Ai
A,
where
Ai =A1i ∪A2i ∪A3i (i = 1,2)
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and
– A ∈A1i if A ‖A′ and A′ ⊂ ∂E(ki)∩ S2k ,
– A ∈A2i if A ‖A′, ∂A⊂ S2k ,A′ ⊂ ∂E(ki), but A′ 6⊂ S2k ,
– A ∈A3i if ∂A 6⊂ S2k .
Then, we have:
Lemma 2.6. For every A ∈A1i , we have A 6⊂Σ .
Proof. Assume that there exists an annulus A ∈ A1i with A ⊂ Σ . Then, there exists an
ambient isotopy given by the parallelism of A and A′ eliminating the intersection curves
∂A. Hence, c2(Σ) > α, a contradiction. 2
Lemma 2.7. If A1i = ∅ and A2i 6= ∅, then there is A ∈A2i with A 6⊂Σ .
Proof. Assume that A ⊂ Σ for every A ∈ A2i . For each A ⊂ A2i , set A′′ = cl(∂E(ki) −
A′) ⊂ S2k . Since A1i = ∅, there exists an annulus A0 ∈A2i such that intA′′0 ∩Σ = ∅. But
A0 ∪A′′0 = ∂N0 with N0 homeomorphic to E(ki). Moreover,A0 ⊂Σ and A′′0 ⊂Σ+ (Σ−,
respectively). Thus,N0 ⊂Σ+ (N0 ⊂Σ−, respectively) is a solid torus. Hence, ki is trivial,
a contradiction. 2
Hence, we have either A1i =A2i = ∅, or there exists a disk D+ in E(ki)∩Σ+ such that
∂D+ is essential in Σ − k and D+ ∩ k = ∅. We note that |A3i |6 2. Next, we have:
Lemma 2.8. We have either α 6 2, or Σ is weakly k-reducible.
Proof. Suppose c2(Σ)= α > 2. SinceA1i ∪A2i (i = 1,2) is non-empty, there exists a disk
D+i in Σ+ ∩ E(ki) which does not meet the knot and has essential boundary in Σ − k.
Moreover, by the argument in the proof of Lemma 2.4, there exists a disk D− ⊂Σ− with
∂D− essential in Σ − k neither meeting the knot nor S2k . If D− ⊂ E(k1) (respectively
E(k2)), then we choose D+2 (respectivelyD+1 ) and see that Σ is weakly k-reducible. 2
Lemma 2.9. If α = 2, then Σ is weakly k-reducible.
Proof. Letting A0 ⊂ S2k be the annulus with ∂A0 ⊂Σ , we may suppose A0 ⊂Σ+. By the
minimality of α, we can see that, for A ∈ A3i , we have A 6⊂ Σ . Hence, there exist disks
D1 ⊂ E(k1) ∩Σ+ and D2 ⊂ E(k2) ∩Σ+ not intersecting the knot and having essential
boundaries in Σ − k. Then, by the argument in the proof of Lemma 2.8, we see that there
are two disjoint disks D+ ⊂Σ+ and D− ⊂Σ− having essential boundaries in Σ − k and
an empty intersection with k. Hence, Σ is weakly k-reducible. 2
Proof of Proposition 2.1. Since Σ is strongly k-irreducible, there exists, by Lemmas 2.8
and 2.9, Σ ∈ S2 such that Σ ∩ S2k is a closed simple curve. Then, by [5, 1.3], we can
construct a 1-bridge presentation for k1 of genus α and a 1-bridge presentation for k2 of
genus β with α+β = g1(k1#k2). Therefore, we have the conclusion of Proposition 2.1. 2
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3. Proof of Theorem in case (2)
In case (2), every 1-bridge presentation for k1#k2 of genus g1(k1#k2) is weakly k-
reducible. Throughout this section, we denote by Σ a 1-bridge presentation for k1#k2
of genus g1(k1#k2) and suppose that k1, k2 are different from the trivial knot. Since Σ
is weakly k-reducible, there exist disjoint disks D+ ⊂ Σ+, D− ⊂ Σ− not meeting the
knot and having essential boundaries in Σ − k. Again, as in Section 1, we consider a set
D of properly embedded disks in Σ+ or Σ− not meeting the knot and having essential
boundaries in Σ − k. Let D+ (respectively D−) be the set of those disks of D which
are in Σ+ (respectively Σ−). Furthermore, let Σ(D) be the surface obtained from Σ by
performing ambient 2-surgery along D. Then, we have:
Lemma 3.1. There exists a set of disksD with D+, D− non-empty such thatΣ(D)∩E(k)
is incompressible in E(k).
Proof. Let D be a set of disks with D+,D− non-empty and c(D) maximal with respect
to the complexity defined in Section 1. Such a set exists because Σ is weakly k-reducible.
We claim that Σ(D) ∩ E(k) is incompressible in E(k). Assume that Σ(D) ∩ E(k)
is compressible in E(k). Then, there exists a disk D ⊂ E(k) with D ∩ Σ(D) = ∂D
essential in Σ(D) − k. Firstly, we may suppose that ∂D is a subset of Σ(D) ∩ Σ . Set
Σ+0 = cl(Σ+−N(D+)) andΣ−0 = cl(Σ−−N(D−)). Moreover, setΣsup =Σ+0 ∪N(D−)
and Σinf =Σ−0 ∪N(D+). Then, we have either D ⊂Σsup or D ⊂Σinf, say D ⊂Σinf. Let
N be the component of Σinf containing D. We apply Lemma 1.3 and obtain a system of
disks D′ having greater complexity than D, a contradiction. 2
Let F(D) be the set of components of Σ(D), also noted F . As k1, k2 are small knots,
the only incompressible surfaces of Σ(D) in E(k1#k2) are boundary parallel surfaces, the
decomposing sphere or swallow follow tori. The decomposing sphere corresponds to a
non-boundary parallel annulus in E(k1#k2). Thus
F =FS ∪Fk,u ∪Fk,e ∪Fk1#k2 ∪Fk1 ∪Fk2,
where
– F ∈FS if F is a sphere S2 with S2 ∩ k = ∅,
– F ∈ Fk,u if F is a sphere S2 with |S2 ∩ k| = 2 and S2 ∩ E(k) boundary parallel in
E(k),
– F ∈Fk,e if F is a sphere S2 with |S2 ∩ k| = 2 and S2 ∩E(k) not boundary parallel in
E(k), i.e., F is the decomposing sphere,
– F ∈Fk1#k2 if F is a boundary parallel torus in E(k),
– F ∈Fki (i = 1,2) if F is a swallow follow torus, i.e., F = ∂N(ki).
We note that |Fk,e| = |Fk,u|6 1. Let
Fess(D)=Fk,e ∪Fk1#k2 ∪Fk1 ∪Fk2 .
Further, we note FS also by FS(D) and Fk,e by Fk,e(D). Then, we have:
Proposition 3.2. There exists D such that Fess(D) 6= ∅.
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This proposition is a relative version of [3, Theorem 3.1] of Casson and Gordon. For the
proof we first show that every sphere of Fk,u or FS is of a special type. More precisely, we
have:
Lemma 3.3. If F ∈FS ∪Fk,u, then F ⊂Σ+ or F ⊂Σ−.
Proof. Assume that F ∩ intΣ+ and F ∩ intΣ− are non-empty. Let U+,U− be these
intersections, which are unions of open disks. In the closure of F − (U+ ∪ U−), choose
unions of properly embedded arcs α+ (respectively α−) such that a regular neighborhood
of α+ ∪U+ (respectively α− ∪U−) consists of disjoint disksD+ (respectivelyD−) in F .
Then, the closure of F − (D+ ∪D−) is an annulus in Σ .
We claim that ∂D+, ∂D− are essential in Σ . Assume that there exist D1,D2 ⊂Σ with
∂D1 = ∂D+ and ∂D2 = ∂D−. We may suppose D2 ⊂ D1. Let D31 ⊂ Σ+ be the 3-ball
with ∂D31 = D1 ∪ D+. Then, there exists a disk D− ∈ D− such that ∂D− ⊂ D1. Let
D32 be the closure of the component of Σ− − D− which is a 3-ball. We may suppose
that (∆+ ∪∆−) ⊂ (D31 ∪D32), where ∆+ (respectively ∆−) is a trace disk for k in Σ+
(respectively Σ−). Then, we see that there exists a 1-bridge presentation for k of genus 0.
Hence, k is trivial, a contradiction.
We may suppose that ∂D+ is essential in Σ . If F ∈ FS , then Σ is reducible and
genus(Σ) > g1(k1#k2), a contradiction. Suppose F ∈ Fu,s . Let D3k be the 3-ball such
that F = ∂D3k and k ∩D3k is a boundary parallel arc. Then, by ambient isotopy, we may
suppose that ∂D3k is a reducing sphere for Σ and, as in the case F ∈ FS , we have a
contradiction. 2
Proof of Proposition 3.2. Assume that F = FS ∪ Fk,u. Then, by Lemma 3.3, we may
suppose that there exists F ∈ F with F ⊂ Σ+. Let F+ be the spheres of F in Σ+. Let
N(D+) be a regular neighborhood of D+ inΣ+ such that N(D+)∩Σ are disjoint regular
neighborhoods of ∂D+ and such that the intersection of ∂N(D+) and intΣ+ is a subset of
Σ(D). Then, the union ofN(D+)∩Σ and⋃F∈F+ F ∩Σ is a closed surface S ⊂Σ , hence
S is equal to Σ . This implies that, for every disk D− ∈D−, there exists a sphere F ∈F+
such that ∂D− ⊂ F , a contradiction. This completes the proof of Proposition 3.2. 2
Lemma 3.4. There exists D such that FS(D)= ∅.
Proof. Suppose that there exists F ∈ FS . Then, by Lemma 3.3, F ⊂ Σ+ or Σ−, say
F ⊂ Σ+. Let F+S be the spheres of FS in Σ+. Let N(D+) be a regular neighborhood
of D+ in Σ+ such that N(D+) ∩ Σ are disjoint regular neighborhoods of ∂D+ in Σ
and such that the intersection of ∂N(D+) and intΣ+ is a subset of Σ(D). Then, by
the argument in the proof of Proposition 3.2, we see that there exists a disk D+ ∈ D+
such that N(D+) ∩ F+S is exactly one disk. Let D′ be the disks of D except D+, then
#FS(D′) < #FS(D). By repeating this argument, we obtain D′′ with #FS(D′′) = 0. This
completes the proof of Lemma 3.4. 2
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By Proposition 3.2 we have essentially three cases:
(1) Fk,e 6= ∅,
(2) Fk,e = ∅ and Fk1#k2 6= ∅,
(3) Fk,e =Fk1#k2 = ∅ and Fk1 ∪Fk2 6= ∅.
Proposition 3.5 (Case (1)). Suppose Fk,e 6= ∅. Then
g1(k1)+ g1(k2)6 g1(k1#k2).
Proof. Let F ∈ Fk,e be the decomposing sphere. We may suppose that F ∩ intΣ+ and
F ∩ intΣ− are non-empty. Let D+ and D− be defined as in Lemma 3.3. Then, by using
the same argument as in the proof of Lemma 3.3, we can show that ∂D+ and ∂D− are
essential in Σ . Let P+ and P− be the intersection points of k with the closure A of
F − (D+∪D−). Let β+ (respectively β−) be two disjoint arcs embedded in A relating P+
(respectively P−) to ∂D+ (respectively ∂D−). Then, we choose regular neighborhoods
N(D+ ∪ β+) and N(D− ∪ β−) in F such that their intersection is an essential curve
in Σ . Since N(D+ ∪ β+) is a disk in F ∩ Σ+, we get, by ambient isotopy, a properly
embedded disk D+1 in Σ+ such that ∂D
+
1 = ∂N(D+ ∪ β+). In a similar way, we obtain a
properly embedded disk D−1 in Σ− such that ∂D
−
1 = ∂N(D− ∪ β−). Note that D+1 ∪D−1
is ambient isotopic to F . Then, by the same argument as in the proof of [5, 1.3], we obtain
g1(k1)+ g1(k2)6 g1(k1#k2). 2
In the rest of this section, we chooseD such thatFk,e(D)= ∅. Moreover, by Lemma 3.4,
we may suppose FS(D) = ∅. Furthermore, for the sphere F of Fk,u, we may suppose
F ⊂Σ+ and that the closure of F ∩ intΣ+ is a boundary parallel disk to Σ in Σ+.
Consider a torus F in Fess(D). Let Q be the solid torus with ∂Q = F , and Q the set
of all solid tori having their boundaries in Fess(D). Set Qout =⋂Q∈QQ. We note that
int(Qout) ∩Σ(D) is the sphere F ∈ Fk,u. Furthermore, Qout ∩Σ− is a handlebody and
Qout ∩Σ+ is the union of 2-handles N(D+i )(D+i ∈D+) and a 3-ball D3k .
More generally, for a solid torusQ whose boundary is not necessarily a subset ofΣ(D),
we will say that we have property (∗) if Q ∩Σ− is a handlebody and Q ∩Σ+ the union
of 2-handles and the 3-ball D3k . Then, we have:
Lemma 3.6. There exists a solid torusQ satisfying property (∗) such that Q=N(k1#k2),
N(k1) or N(k2).
Proof. If Fk1#k2 6= ∅, set Q=Qout. We set also Q=Qout if Fk1 or Fk2 is empty. Assume
now that Fk1#k2 = ∅ and that Fk1 and Fk2 are non-empty. Then the closure of S3 −Qout is
the disjoint union of E(k1) and E(k2). Then, either ∂E(k1) ∩ intΣ+ or ∂E(k2) ∩ intΣ+
contains a boundary parallel disk toΣ inΣ+, say ∂E(k1)∩ intΣ+. LetQ−out =Qout∩Σ−,
then Q−out is a handlebody. Moreover, each component of cl(Σ− −Qout) is a handlebody
and such a component is either in E(k1) or in E(k2).
Set Q1 = Qout ∪ E(k2), then Q1 = N(k1). Then, we see that Q−1 = Q1 ∩ Σ− is a
handlebody. Moreover, every component ofQ+1 =Q1∩Σ+ is a handlebody. Furthermore,
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we claim that Q+1 ∩ Σ ⊂ Q−1 . Assume that the intersection A of Q+1 ∩ Σ and ∂Q1 =
∂E(k1) is non-empty. Since ∂E(k1) ⊂ ∂Qout, we have A ⊂ ∂Qout, hence, A⊂ ∂(Qout ∩
Σ−), a contradiction.
Then, we choose disks ∆1, . . . ,∆n in Q+1 such that the union Q of Q
−
1 ∪D3k and of 2-
handles, which are regular neighborhoods N(∆i) of ∆i in Σ+, is a regular neighborhood
of k1. Then, by construction,Q satisfies property (∗). 2
Proposition 3.7 (Case (2)). If Fk,e = ∅ and Fk1#k2 6= ∅, then
t (k)= g1(k)− 1 and g1(k1)+ g1(k2)− 16 g1(k1#k2).
Proof. Since Fk1#k2 6= ∅, there exists a torus F ∈ Fk1#k2 such that ∂Qout = F . Set
Q+out = Qout ∩ Σ+ and Q−out = Qout ∩ Σ−. Observe that Q+out satisfies property (∗), so
Q+out is either D3k or union of D
3
k and
⋃
i N(Di). Thus, cl(Σ+ − Q+out) is a union of
handlebodies.
We first observe thatQ−out is a handlebody. Since the closure of the intersection of ∂Qout
and the interior ofΣ− is a union of disks, cl(Σ−−Q−out) are handlebodies attached toQ−out
by these disks. Furthermore, the intersection of these disks withQ+out is empty, so the union
of the solid torusQout and Σ− −Q−out is a handlebody. This union is equal to Qout ∪Σ−.
Therefore, cl(Σ+−Qout) has one component and is also a handlebody. This means that the
boundary of Qout ∪Σ− is a Heegaard splitting Σ ′. Since Qout is a regular neighborhood
of k = k1#k2, we can put k on ∂Qout such that k does not meet the intersection disks of the
interior of Σ− and Qout, but then we have k ⊂Σ ′.
Suppose now that Q+out is reduced to D3k . Then, there exist disks ∆1, . . . ,∆g1(k)−1 in
Σ− − Qout such that the closure of the complement in Σ− of ⋃i N(∆i) is a regular
neighborhood of Q−out in Σ−. It follows that t (k)6 g1(k)− 1. The inequality g1(k)− 16
t (k) implies equality g1(k)−1= t (k). Then, by [10, Theorem 4] and g1(ki)6 t (ki)+1, we
get g1(k1)+g1(k2)6 t (k1)+ t (k2)+26 t (k)+2= g1(k)+1 and we have the conclusion
in this case.
Suppose now that Q+out is the union of D3k and
⋃
i N(∆i). Then, we obtain a Heegaard
splitting Σ ′ containing k of genus strictly less than g1(k). By ambient isotopy, Σ ′ gives a
1-bridge presentation for k, contradicting minimality of g1(k). This completes the proof of
Proposition 3.7. 2
Proposition 3.8 (Case (3)). If Fk,e =Fk1#k2 = ∅ and Fk1 ∪Fk2 6= ∅, then
t (k1)+ g1(k2)6 g1(k1#k2) or g1(k1)+ t (k2)6 g1(k1#k2).
Proof. First, we apply Lemma 3.6 to obtain a solid torus Q satisfying property (∗) which
is a regular neighborhood of k1 or k2, say k1. Then Q+ is either D3k or union of D3k and⋃
i N(Di). By similar arguments as in the proof of Proposition 3.7, we can show that
∂(Q∪Σ−) is a Heegaard splitting Σ ′. Then, by an ambient isotopy, we can get k1 ⊂Σ ′.
Then, there exist disks ∆1, . . . ,∆m in Σ− −Q such that the closure of the complement
in Σ− of
⋃
i N(∆i) is a regular neighborhood of Q− in Σ−. Furthermore, we can see
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that the union of Q and this closure is a regular neighborhood of Q in Q ∪ Σ−. Since
Q=N(k1), we have t (k1)6m.
Next, we will show that g1(k2)6 g1(k)−m. For this, we will show that the knot k2 has a
1-bridge presentation of genus g1(k)−m. We add to the solid torusQ a solid torusQ′ such
that their common boundary ∂Q= ∂Q′ is a Heegaard splitting of genus 1 of the sphere S3.
We note that the knot k = k1#k2 in Q becomes the knot k2 in the union Q∪Q′. Consider
the handlebody Q− of genus g1(k) −m. We claim that ∂Q− in the sphere Q ∪Q′ is a
Heegaard splitting of k2. Recall that Q− is a handlebody and consider cl(S3 −Q−). The
union of Q′ andD3k is a solid torus, so a union of this torus and
⋃
i N(Di) is a handlebody
because it corresponds to attaching 1-handles to Q′ ∪D3k .
Now, we have to show that the Heegaard splitting ∂Q− in Q ∪ Q′ gives a 1-bridge
presentation for k2. For the 1-bridge presentation Σ for k1#k2, choose trace disks ∆+ ⊂
Σ+ with ∆+ ⊂D3k and ∆− ⊂Σ− having empty intersection with Σ− −Q. Observe that
D3k ∩Σ is a subset of ∂Q−, hence ∆+ is a trace disk for k2 in cl(S3 −Q−). On the other
hand, we see that ∆− ⊂Q− with ∆− ∩Σ in ∂Q−. So, ∆− is a trace disk for k2 in Q−.
Furthermore, we obtain that ∂Q− is a 1-bridge presentation for k2 of genus equal to the
genus of Q− which is g1(k)−m, hence g1(k2)6 g1(k)−m. To conclude, we have
g1(k)=m+ (g1(k)−m)> t (k1)+ g1(k2).
Finally, we note that if the solid torus Q is a regular neighborhood of k2, then we obtain
the second relation. This completes the proof of Proposition 3.8. 2
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